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ABSTRACT
The first repeating fast radio burst (FRB), FRB 121102, was found to be associated with a spatially
coincident, persistent nonthermal radio source, but the origin of the persistent emission remains
unknown. In this paper, we propose that the persistent emission is produced via synchrotron-heating
process by multiple bursts of FRB 121102 in a self-absorbed synchrotron nebula. As a population of
bursts of the repeating FRB absorbed by the synchrotron nebula, the energy distribution of electrons
in the nebula will change significantly. As a result, the spectrum of the nebula will show a hump
steadily. For the persistent emission of FRB 121102, the total energy of bursts injecting into the
nebula is required to be about 3.3× 1049 erg, the burst injection age is over 6.7× 104 yr, the nebula
size is ∼ 0.02 pc, and the electron number is about 3.2× 1055. We predict that as more bursts inject,
the brightness of the nebula would be brighter than the current observation, and meanwhile, the peak
frequency would become higher. Due to the synchrotron absorption of the nebula, some low-frequency
bursts would be absorbed, which may explain why most bursts were detected above ∼ 1 GHz.
Keywords: radiation mechanisms: general — radio continuum: general
1. INTRODUCTION
Fast radio bursts (FRBs) are mysterious
millisecond-duration transients at radio frequency
bands (400MHz − 8GHz). Up to now, above
100 FRBs have been discovered (Lorimer et al.
2007; Keane et al. 2012; Thornton et al. 2013;
Spitler et al. 2014; Masui et al. 2015; Ravi et al.
2015, 2016; Champion et al. 2016; Spitler et al.
2016; Petroff et al. 2017; Chatterjee et al. 2017;
Shannon et al. 2018; CHIME/FRB Collaboration et al.
2018; Zhang et al. 2019; Bannister et al. 2019),
see Petroff et al. (2016) for a catalog of published
FRBs 1. 20 of them show repeating behaviors,
including FRB 121102 (Spitler et al. 2014, 2016;
Scholz et al. 2016; Chatterjee et al. 2017), FRB
180814.J0422+73 (CHIME/FRB Collaboration et al.
2019a), FRB 171019 (Kumar et al. 2019), and 17
FRBs recently discovered by the Canadian Hy-
drogen Intensity Mapping Experiment (CHIME;
The CHIME/FRB Collaboration et al. 2019b;
Fonseca et al. 2020). Some observations show that
FRBs are of cosmological origin: First, the DM of
1 http://frbcat.org/
an FRB is much larger than that contributed by the
Milky Way (Spitler et al. 2014; Petroff et al. 2019).
This implies that the FRBs are extragalactic origin.
Second, the host galaxies of five FRBs, including FRB
121102, FRB 180916, FRB 180924, FRB 181112, and
FRB 190523 (Chatterjee et al. 2017; Marcote et al.
2017; Tendulkar et al. 2017; Marcote et al. 2020;
Bannister et al. 2019; Prochaska et al. 2019; Ravi et al.
2019), have been directly located. Third, the sky dis-
tribution of FRBs is isotropic (Oppermann et al. 2016;
Shannon et al. 2018; Bhandari et al. 2018; James et al.
2019; Locatelli et al. 2019). Fourth, Shannon et al.
(2018) reported the dispersion-brightness relation for
FRBs from a wide-field survey using the Australian
Square Kilometer Array Pathfinder (ASKAP) with
excess DMs characterizing cosmological distances.
The first repeating case is FRB 121102, which was
discovered at Arecibo telescope (Scholz et al. 2016;
Spitler et al. 2016). Chatterjee et al. (2017) found that
FRB 121102 was coincident with a 0.2mJy persistent
radio source achieved from Karl G. Jansky Very Large
Array (VLA) observations. Based on optical imaging
and spectroscopy with the Gemini and Keck telescopes,
the host galaxy of FRB 121102 was found to be a low-
metallicity, star-forming, dwarf galaxy at the redshift
z = 0.193 (Tendulkar et al. 2017). European VLBI Net-
2work (EVN) observations further showed that the size of
this steady radio synchrotron source is . 0.7 pc and the
luminosity is νLν ∼ 1039 erg s−1 (Marcote et al. 2017).
Michilli et al. (2018) reported almost 100 per cent lin-
early polarized emission of FRB 121102 with a very high
and variable Faraday rotation measure of ∼ 105 radm−2
corresponding to a characteristic magnetic field strength
of about 1mG.
So far, only the first repeating FRB, FRB 121102, was
found to be associated with a spatially coincident, per-
sistent nonthermal radio source (Chatterjee et al. 2017).
Some evidence suggested that the luminosity of the per-
sistent radio source of FRB 121102 might be associ-
ated with the large rotation measure (RM) (Yang et al.
2020). Recently, Eftekhari et al. (2019) presented the
first detection of a radio emission coincident with the su-
per luminous supernova (SLSN) PTF10hgi about 7.5yr
post-explosion. The luminosity and the frequency of
this radio emission are approximately consistent with
the persistent emission of FRB 121102, which implies
that there may be some connections between FRBs
and SLSNe (Metzger et al. 2017). However, Law et al.
(2019) used the VLA to observe ten type-I SLSNe
at 3GHz, and Men et al. (2019) performed dedicated
observations of the remnants of six GRBs using the
Arecibo telescope and the Robert C. Byrd Green Bank
Telescope (GBT), all without any FRB detected.
The physical origin of repeating FRBs remains un-
known. Suggested models for repeating FRBs include
giant pulses (Connor et al. 2016; Cordes & Wasserman
2016; Lyutikov et al. 2016), magnetic energy re-
lease in a pulsar magnetosphere (Popov & Postnov
2010; Kulkarni et al. 2014; Katz 2016b; Metzger et al.
2017; Kashiyama & Murase 2017), maser emission in
an outflow (Murase et al. 2016; Beloborodov 2017;
Metzger et al. 2019), an asteroid belt interacting with
a neutron star (Dai et al. 2016), cosmic comb (Zhang
2017, 2018; Ioka & Zhang 2020), the fluctuation in the
magnetosphere of a neutron star (Yang & Zhang 2018;
Wang et al. 2020), and so on.
In some proposed scenarios, FRBs are expected to be
located in surrounding nebulae, e.g., pulsar wind neb-
ulae (PWNe), SLSNe and/or long gamma-ray bursts
(LGRBs) (e.g., Yang et al. 2016; Murase et al. 2016;
Metzger et al. 2017; Beloborodov 2017, 2019; Dai et al.
2017; Margalit & Metzger 2018; Metzger et al. 2019;
Yang & Dai 2019; Margalit et al. 2019), and the persis-
tent radio emission source associated with FRB 121102
has been suggested to be explained by such a nebula.
Many models have been proposed to explain the connec-
tion between FRB and persistent emission. Yang et al.
(2016) studied a synchrotron-heating process by an FRB
embedded in a synchrotron nebula with the frequency
of the FRB below the synchrotron self-absorption (SSA)
frequency of the nebula. They found that the spectra of
the nebula would show a hump after the FRB injection.
Murase et al. (2016) and Omand et al. (2018) studied
the quasi-steady emission from the pulsar wind nebulae
(PWNe) associated with pulsar-driven SN/SLSN rem-
nants for a long time after the explosion, which might
explain the persistent radio emission of FRB 121102.
Metzger et al. (2017) presented a scenario that FRB
121102 associated with the birth of a young magnetar
is embedded within a young hydrogen-poor SN rem-
nant, and the radio emission can arise from the for-
ward shock interaction between the fastest parts of the
SN ejecta and the surrounding stellar progenitor wind.
Moreover, Beloborodov (2017, 2019) considered that the
persistent radio source may be heated by magnetic dis-
sipation and internal waves released by the magnetar
ejecta. In addition, Dai et al. (2017) and Yang & Dai
(2019) suggested that the persistent radio emission could
be synchrotron emission of a non-relativistic PWN aris-
ing from an ultra-relativistic wind of a rapidly rotat-
ing strongly magnetized pulsar sweeping up its ambi-
ent dense interstellar medium without any surround-
ing SN ejecta. Furthermore, Margalit & Metzger (2018)
presented that relativistic thermal electrons heated at
the termination shock of the magnetar wind can power
the persistent source, where a nebula is surrounding a
young flaring magnetar. Wang & Lai (2019) analyzed
the multi-wavelength emission from the nebula powered
by an FRB central engine, and they found that with a
duty cycle consistent with that observed for FRB 121102
, a sporadically active central engine is required.
In this paper, following Yang et al. (2016), we pro-
pose that the observed persistent radio emission of FRB
121102 could be generated via synchrotron heating by
multiple bursts of FRB 121102 in a surrounding neb-
ula. As radio bursts inject, the electron distribution in
the nebula would change gradually due to synchrotron
heating process, and the nebula spectrum will finally
show a significant hump. Meanwhile, the process of
the “synchrotron external absorption” would cause low-
frequency bursts to be absorbed by the nebula. This
paper is organized as follows: In Section 2, we analyze
the theory of radio bursts injecting into a nebula. The
Numerical calculation of the spectra is presented in Sec-
tion 3. Finally, the results are summarized with some
discussions in Section 4.
2. SYNCHROTRON HEATING/EXTERNAL
ABSORPTION
We first summary the physics of synchrotron heat-
ing/external absorption within the context of FRB-
nebula interaction (Yang et al. 2016). We assume that
the initial electron number density in the nebula satisfies
3a power-law distribution before FRB injection, e.g.,
Ne(γ, 0) = Kγ
−p, (γmin 6 γ 6 γmax) (1)
where γmin and γmax are the minimum and maximum
electron Lorentz factor, respectively. Electrons in the
nebula are assumed to have an isotropic distribution of
pitch angles relative to the magnetic field B. The inten-
sity of SSA in the nebula can be expressed as (Ghisellini
2013):
Iν =
2me√
3
√
νB
ν5/2(1− e−τν )fI(p), (2)
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where Γ(x) is the Gamma function, and all the products
of the Gamma function are contained in fǫ(p) and fκ(p):
fǫ(p) =
Γ
(
3p− 1
12
)
Γ
(
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12
)
Γ
(
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4
)
(p+ 1)Γ
(
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4
) , (4)
and
fκ(p) =
Γ
(
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12
)
Γ
(
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)
Γ
(
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4
)
Γ
(
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4
) . (5)
The Larmor frequency νB is defined as νB ≡
eB/(2pimec). The SSA optical depth is
τν = 3
p+1
2
√
pie2KR
8mec
1
νB
(
ν
νB
)− p+4
2
fκ(p), (6)
where R is regarded as the thickness of the nebula. The
initial SSA frequency νa, 0, defined by τν = 1, is
νa, 0 = νB
[
3
p+1
2
pi
√
pi
4
eRK
B
fκ(p)
] 2
p+4
. (7)
When bursts of a repeating FRB injecting into the
nebula, electrons in the nebula would absorb them and
a fraction of low-energy electrons would be accelerated
to higher energy (Yang et al. 2016). During this period,
the distribution of electrons in the nebula satisfies the
continuity equation given by (McCray 1969)
∂Ne(γ, t)
∂t
=
∂
∂γ
[
Aγ2Ne(γ, t)
]
+
∂
∂γ
[
Cγ2
∂
∂γ
Ne(γ, t)
γ2
]
+S(γ, t). (8)
The first term on the right-hand side of Eq.(8) corre-
sponds to the effect of the synchrotron energy loss, with
Aγ2 =
1
mec2
∫
Piso(ν, γ)dν, (9)
where
Piso(ν, γ) =
√
3e3B
mec2
Fiso (ν/νch) erg cm
−2 s−1Hz−1
(10)
is the synchrotron power of a single electron aver-
aging over an isotropic distribution of pitch angle α
(Wijers & Galama 1999), νch ≡ (3/2)γ2νB is the typical
synchrotron characteristic frequency, and the isotropic
synchrotron function is
Fiso(ν/νch) =
∫ π/2
0
sin2 αF
(
ν
νch sinα
)
dα, (11)
with
F (x) = x
∫ ∞
x
K 5
3
(ξ)dξ. (12)
The second term on the right-hand side of Eq.(8) corre-
sponds to induced emission and reabsorption, with
C =
1
mec2
∫
Iν,tot
2meν2
Piso(ν, γ)dν, (13)
where Iν, tot is the total intensity, which is the sum of
Iν, FRB, the effective average intensity of a radio bursts
at the nebula, and Iν, neb, the SSA intensity of the neb-
ula. For a burst with observed flux Fν , the burst flux
at the nebula is Fν, n = Fνd
2/r2, where r is the dis-
tance from the FRB to the nebula, and d is the lu-
minosity distance from the FRB to the observer. The
luminosity distance of FRB 121102 is estimated to be
d ≃ 3.0 × 1027 cm, when taking the ΛCDM cosmo-
logical parameters as Ωm = 0.3089 ± 0.0062, ΩΛ =
0.6911 ± 0.0062, and H0 = 67.74 ± 0.46 km s−1Mpc−1
(Planck Collaboration et al. 2016). Accordingly, at the
nebula, the integral effective intensity of a burst of FRB
121102 is 2
I0 ≃
ν0 · Fν, n
pi
≃ ν0 · Fν
pi
d2
r2
≃ 3.0× 107 erg s−1 cm−2 str−1
× (ν0/1GHz)(Fν/1 Jy)(r/0.01 pc)−2, (14)
where ν0 is the characteristic frequency of a burst. The
integral synchrotron intensity of the nebula is
νaIνa, neb ≃ 2.6× 104 erg s−1 cm−2 str−1
×(L/1039erg s−1)(r/0.01 pc)−2, (15)
2 Note that in Eq.(13) the intensity Iν,tot corresponds to a
mean intensity that is directly associated with the flux density
(e.g., Rybicki & Lightman 1986).
4where L is the luminosity of the nebula. Since I0 ≫
νaIνa, n, then Iν, tot can be approximated to be Iν, FRB.
Since the spectra of the bursts of FRB 121102 are nar-
row 3, we assume that the spectrum of a single burst is a
δ-function, i.e., Iν,FRB = I0δ(ν−ν0), then the coefficient
C can be approximately written as
C ≃ I0
2m2ec
2ν20
Piso(ν0, γ). (16)
The last term S(γ, t) on the right-hand side of Eq.(8)
represents electron injection in the emission region. We
assume that the electron injection is zero, e.g., S(γ, t) =
0. During the burst injection, the intensity of the nebula
is given by
I ′ν =
j′νR
τ ′ν
(1− e−τ ′ν ), (17)
with
j′ν =
1
4pi
∫ γmax
γmin
Ne(γ, t)Piso(ν, γ)dγ, (18)
and
τ ′ν =
R
8pimeν2
∫ γmax
γmin
Ne(γ, t)
γ2
d
dγ
[γ2Piso(ν, γ)]dγ.(19)
By numerically solving Eq. (8), we can figure out the
electron distribution and the spectrum of the nebula at
any time. Finally the flux of the nebula is given by
F ′ν ≃ piI ′ν
r2
d2
. (20)
In the following discussion, we will present the neb-
ula spectrum via the numerical method after considering
that the nebula is heated by multiple bursts of a repeat-
ing FRB source, and constrain the model parameters
with the observations of FRB 121102.
3. NUMERICAL CALCULATION RESULTS
In order to calculate the spectrum of FRB-heated neb-
ula and perform numerical solutions, we make an as-
sumption that the flux, the frequency and the duration
of a burst are independent of each other. Gajjar et al.
(2018) and Zhang et al. (2018) identified 93 bursts of
FRB 121102 during 5 hours by GBT at 4-8 GHz. This
observation composes the largest sample of FRB 121102
for a single continuous observation up to now. Based
on this observation, Zhang et al. (2019) analyzed power-
law distributions for energies, fluxes, durations and wait-
ing times of FRB 121102. They found that the distri-
bution of fluxes meets dN/dFν ∝ F
α
ν = F
−1.94
ν with
3 According to Law et al. (2017), the typical spectra of some
bursts of FRB 121102 are with center frequency of ∼ 3GHz and
FWHM of ∼ 500MHz, which are narrow spectra.
Fν from Fν,min = 0.001 Jy to Fν,max = 1 Jy, the dis-
tribution of durations is about dN/dt ∝ tγ = t−1.57
with t ranging from tmin = 0.7ms to tmax = 4ms, and
the average of waiting times T is around 100 s. Here
the waiting time is defined as the difference of occur-
ring time for two bursts. We assume that the intrinsic
frequency distribution of FRB 121102 also satisfies the
form of a power law, which reads dN/dν0 ∝ ν
β
0 with
the frequency of FRB 121102 from ν0,min = 0.1GHz to
ν0,max = 8GHz (due to the nebula absorption, some
low-frequency busts would be unobservable). We fur-
ther suppose that the distributions of flux and duration
can be extended to low frequency. Based on the above
assumptions, the total number of samples is
Ntotal =
∫ Fν,max
Fν,min
∫ ν0,max
ν0,min
∫ tmax
tmin
dN
dFνdν0dt
dFνdν0dt,
(21)
and the total injection energy is
Etotal ≃
4pid2
1 + z
∫ Fν,max
Fν,min
∫ ν0,max
ν0,min
∫ tmax
tmin
Fνδν0δt
dN
dFνdν0dt
dFνdν0dt
≃ 4pid
2
1 + z
∫ Fν,max
Fν,min
∫ ν0,max
ν0,min
∫ tmax
tmin
Fνν0t
dN
dFνdν0dt
dFνdν0dt,
(22)
where z = 0.193 is the redshift of FRB 121102
(Tendulkar et al. 2017), and δν0 and δt are widthes of
the spectrum and the pulse, respectively. At last, we
assume that γmin = 10 and γmax = 10
5 for the electron
distribution satisfying Eq.(1).
First, we compare the nebula spectra before and after
a radio burst injection, as shown in Figure 1. We find
that there is no significant evolution on the spectrum of
the nebula after the burst injection. The reason is as
follows: the synchrotron heating would cause a harder
electron spectrum with a peak Lorentz factor of
γpeak ∼ (ν0/νB)1/2 ∼ 710(B/1mG)−1/2(ν0/1.4GHz)1/2
(23)
in the nebula (see Figure 1 and Figure 2 in Yang et al.
2016), where ν0 is the burst frequency, and νB is the Lar-
mor frequency with magnetic field strength B ≃ 1mG
(inferred by the RM of FRB 121102, Michilli et al.
(2018)). For the nebula by synchrotron radiation, the
cooling time scale δtcooling satisfies
δtcooling ≃
(
2e4B2
3m3ec
5
γpeak
)−1
∼ 3m
3
ec
5
2e4B2
(
ν0
νB
)−1/2
∼ 2.3× 104 yr (B/1mG)−3/2(ν0/1.4GHz)−1/2.
(24)
According to the observation of FRB 121102
(Gajjar et al. 2018; Zhang et al. 2018), the aver-
age waiting time between bursts is T ∼ 100 s≪ δtrelax,
5108 109 1010 1011 1012
ν/Hz
10−3
10−2
10−1
100
101
102
F ν
/μ
Jy
0 s
0.001s
102 yr
103 yr
104 yr
105 yr
Figure 1. The spectra of the nebula before and after a burst
injection. The solid red line denotes the initial spectrum of
the nebula without any burst injection. The solid blue line
denotes the spectrum of nebula with one burst injection. The
model parameters are taken as p = 3, ν0 = 0.3GHz, E =
1049 erg, t = 0.001 s, νa,0 = 0.6GHz, r = 0.03 pc, and R =
1013 cm. The other lines indicate evolutions on the spectra of
the nebula after the burst injection, from one hundred years
to one hundred thousands years, respectively.
hence the impact of synchrotron cooling on the nebula
spectrum is very slight. Therefore, it can be considered
that the nebula spectrum does not change within a few
hundred seconds of two burst injections.
As shown in Figure 1, we compare the nebula spectra
which are before a burst injection, with one burst injec-
tion and after this injection for a long-term evolution,
102, 103, 104, and 105 years, respectively. The difference
of the nebula spectra between one burst injection with-
out cooling and with 105-year cooling is less than 21%
in the GHz band. Notice that, in Figure 1, in order to
make the synchrotron heating effect appear significant,
we take the energy of a injecting burst as 4 E = 1049 erg.
The other model parameters are taken as the index of
the initial electron spectrum in the nebula, p = 3, the
initial SSA frequency of the nebula, νa, 0 = 0.6GHz, the
frequency of the burst, ν0 = 0.3GHz, the thickness of
the nebula, R = 1013 cm, the distance from the burst to
the nebula, r = 0.03 pc, and the duration of the burst,
t = 0.001 s. The energy loss of the nebula through the
synchrotron radiation during a long time is not signif-
icant in the GHz band that is we concerned. Thus, in
the following discussion, we only consider the spectrum
evolution of the nebula in the process of burst injections,
and ignore the evolution during every waiting time.
4 For FRB 121102, the typical energy of a single burst is about
E ∼ 1038 erg, thus the synchrotron heating effect is not significant
for such a single burst. However, as lots of bursts injecting into
the nebula, the nebula spectrum would change significantly, which
is discussed later.
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Figure 2. The spectra of the nebula with the same total en-
ergy of bursts injecting at the frequency ν0 = 0.3GHz. E is
the energy of a single burst and the following number repre-
sents the total number of injections. Different lines denote
situations with different energies of each burst and times of
injections, but the same total energy. The model parameters
are taken as p = 3, t = 0.001 s, νa,0 = 0.6GHz, r = 0.03 pc,
and R = 1013 cm. The insert is the amplification at GHz.
Above parameters, like E and injection times, are chosen
only to illustrate the results so may not match the actual.
Next, we discuss the synchrotron heating effect of mul-
tiple injections at a certain frequency. As shown in Fig-
ure 2, for a given burst frequency, if the total injection
energies are identical, multiple low-energy injections can
be combined into one high-energy injection. To illus-
trate this, we consider several cases. For example 5,
one-thousand burst injections, each with the energy of
1046 erg and the frequency of 0.3GHz, can have the same
effect on the nebula compared with only one burst injec-
tion with the energy of 1049 erg at the same frequency
and their difference is less than 0.01%. In the model, the
parameters are chosen as the duration of each burst,
t = 0.001 s, the index of the initial electron spectrum
in the nebula, p = 3, the initial SSA frequency of the
nebula, νa,0 = 0.6GHz, the distance from bursts to the
nebula, r = 0.03 pc, and the thickness of the nebula,
R = 1013 cm. It can be interpreted as that the effects
on the spectra of nebula mainly depend on the total
energy injection at that frequency, not the number of
bursts. Therefore, we can combine the bursts with the
same frequency into one higher-energy injection. In the
following simulations, we combine 107 bursts into one
high-energy burst, i.e., the energy of every burst is 107
times of the real one, and a large population of bursts
are also needed.
We analyze the synchrotron heating effects of the
5 Similar to the above discussion, here a large energy for a
single burst is taken in order to make synchrotron heating effect
significant.
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Figure 3. The spectra of the nebula obtained from different
injection sequences of the same set of bursts. The “Random
1” and “Random 2” lines denote the injections with two dif-
ferent disordered sequences, respectively. The dashed black
line, “Order”, denotes the frequencies of the bursts from low
to high. On the contrary, the blue dashed line, “Reverse”,
corresponds to the frequencies of the burst from high to low.
The insert is the amplification at GHz. The parameters
used in this group of samples meet p = 3, Etotal = 10
49 erg,
νa,0 = 0.52GHz, β = −3, r = 0.03 pc, and R = 10
13 cm.
burst injections with different frequency sequences. We
consider different injection sequences of these samples
in frequency, which are “Random”, “Order”(from low
frequency to high frequency), and “Reverse”(from high
frequency to low frequency). In terms of different dis-
ordered sequences, there is almost no distinction on the
spectra of the nebula with the difference less than 0.6%,
as shown in Figure 3. Either “Order” or “Reverse” is
a special case which has the difference less than 40.5%
from the situation of “Random”. This group of samples
meets the total energy of the bursts, Etotal = 10
49 erg,
and the index of frequency distribution, β = −3. Other
model parameters are chosen as p = 3, νa,0 = 0.52GHz,
r = 0.03 pc, and R = 1013 cm. In the case where a series
of bursts with different fluxes, durations and frequen-
cies inject into the nebula, the order of the burst injec-
tions has little effects on the final spectra of the nebula.
Therefore, we ignore the impact of the sequence of the
injection in the following simulations and we will simu-
late the spectra of the nebula with samples out of order
in frequency.
To simplify the simulation process, we evaluate two
methods to obtain the nebula spectra. The first method
is that after generating a population of samples with
a total energy and an index of frequency distribution of
these bursts, we combine the bursts in the unit frequency
interval, which can be regarded as bursts with the same
frequency joined together (see Figure 2). The second
method is that without generating samples, we directly
calculate the energy injecting into the nebula in the unit
108 109 1010 1011 1012
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100
101
102
F ν
/μ
Jy
Individually
Method 1
Method 2
109 1010
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Jy
Figure 4. The spectra of the nebula obtained by different
methods. The red line denotes a group of bursts injecting
into the nebula individually. Method 1 is to combine the en-
ergies of these bursts in the unit frequency interval and the
combined bursts are disordered. Method 2 is to use Eq.(22)
to calculate the energy of these bursts in the unit frequency
interval and the injection is disordered in frequency. The in-
sert diagram enlarges the fluxes of three methods in the range
of 1GHz to 20GHz. These three methods adopt parameters,
which are p = 3, Etotal = 10
49 erg, νa,0 = 0.52GHz, β = −3,
r = 0.03 pc, and R = 1013 cm.
frequency interval by Eq.(22). As shown in Figure 4, the
spectra of the nebula obtained by these two methods are
similar to the method with bursts injecting individually
with the difference less than 5.6%. The first method
greatly reduces the number of injections that needs to be
simulated. The second method does not need to produce
a large amount of bursts, but the injection energy of
per unit frequency is directly obtained. So in the next
simulations, we mainly use the second method. These
methods adopt the parameters, p = 3, Etotal = 10
49 erg,
νa,0 = 0.52GHz, β = −3, r = 0.03 pc, and R = 1013 cm.
We apply the Markov Chain Monte Carlo (MCMC)
method to constrain our model parameters with the code
emcee (Foreman-Mackey et al. 2013). The log likelihood
for these parameters can be determined by a χ2 statistic,
i.e.,
χ2(p, νa,0, β, Etotal, r) =
∑
i
(Fobs,i − Fν,i)2
σ2obs,i
, (25)
where i represents different data at different frequencies,
Fobs,i is the observed flux (Chatterjee et al. 2017), Fν,i
is the flux obtained according to given model parameters
at the frequency of the observation by interpolation, and
σ2obs,i is the corresponding error of the observation. By
calculating and minimizing the χ2 for a wide range of
the parameters of the model and converting each χ2 into
the log-probability function, we obtain the projections
of the posterior probability distribution of the fitting pa-
rameters in the contours, as shown in Figure 5. More-
over, the best fit to the observed spectrum of the nebula
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Figure 5. The contour lines of constraining model fitting
parameters at 0.5σ, 1σ, 1.5σ, and 2σ significance levels. The
best fitting values are shown in the figure. There are five
parameters restricted in our model, which are the index of
the initial electron spectrum in the nebula, p, the initial SSA
frequency of the nebula, νa, 0, the index of frequency distri-
bution of bursts, β, the total energy of the bursts, Etotal, and
the distance from the bursts to the nebula, r, respectively.
101
102
F ν
/μ
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109 1010
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Figure 6. The spectra of the nebula with the best fitting
parameters according to the MCMC method and from the
observation (Chatterjee et al. 2017). The red solid line de-
notes the spectrum of the nebula corresponding to the best
fitting parameters, and the black points represent the obser-
vation values. Error bars represent 1σ uncertainties.
is shown in Figure 6. The parameters restricted in our
model are the index of the initial electron spectrum in
the nebula, p, the initial SSA frequency of the nebula,
νa, 0, the index of frequency distribution of bursts, β, the
total energy of the bursts, Etotal, and the distance from
the bursts to the nebula, r. Since νa, 0, K and R are not
independent, we can derive the product of K and R by
Eq.(7).
The analysis results show that the initial electron
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Figure 7. The evolution of the spectra of the nebula with
injection times. Different lines correspond to different injec-
tion times and black points represent the observation values
of the persistent emission of FRB 121102 (Chatterjee et al.
2017). In addition to different injection times (i.e., different
injection energy), the other model parameters are the best
fitting parameters obtained by the MCMC method.
spectrum index is p = 2.32+0.52
−0.52, the initial SSA fre-
quency of nebula is νa,0 = 0.64
+0.14
−0.11GHz, the index
of the frequency distribution of bursts satisfies β =
−3.02+0.56
−0.60, the total energy of injecting bursts should
meet lg(Etotal/ erg) = 49.52
+0.34
−0.26, and the radius of the
nebula is r = 0.02+0.01
−0.01 pc. Then the total number of the
bursts injecting into the nebula is aroundNtotal ≃ 2.26×
1012. At present, the observations and statistics of FRB
121102 are concentrated on & 1GHz (e.g., Spitler et al.
2016; Scholz et al. 2016; Law et al. 2017; Michilli et al.
2018; Gajjar et al. 2018; Spitler et al. 2018; Zhang et al.
2018; Hessels et al. 2019; Gourdji et al. 2019) with the
average of waiting times is about 100 s (Zhang et al.
2019). By the best fit, We also obtain that the number
of bursts above 1GHz is Ntotal(> 1GHz) ≃ 2.11× 1010.
Without considering the connection between burst flu-
ence and waiting time (Gourdji et al. 2019), we can es-
timate the age of the nebula is more than Ntotal(>
1GHz) × 100 s ∼ 6.7 × 104 yr. If the thickness of the
nebula is R = 1013 cm, according to Eq.(7) we can get
K ≃ 1.8 × 109 cm−3. So the total number of electrons
in the nebula is about 3.2× 1055.
In order to study the evolution of the spectra of the
nebula with injection times, we simulate the process of
bursts injecting into the nebula using the best fit param-
eters of the MCMC method but with different injection
times, as shown in Figure 7. We find that the spectra
of the nebula with burst injections of 1010 times is basi-
cally the same as that without burst injections, in which
case the synchrotron heating effect is not significant. As
the burst injections increasing, the peak frequency and
the peak flux of the nebula would increase. Once the
injection times exceed 2 × 1012 times, e.g., 6.7 × 104 yr
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Figure 8. The evolution of the SSA frequency of the neb-
ula with the best fitting parameters obtained by the MCMC
method. The number indicates how many burst injections,
and the time indicates how long does it take. According to
the observations and statistics of FRB 121102 concentrated
on over 1GHz, the average of waiting times between bursts is
about 100 s. The maximum value of the time is obtained by
100 s×Ntotal(> 1GHz). Besides, assuming that the waiting
time between every two bursts is the same, the time inter-
val is derived by averaging the maximum value of the time
with the total number of bursts. This is a correspondence
between the number of burst injections and the time of the
injection process with a mean waiting time considered.
since the first burst injection, the predicted brightness
of the nebula would be higher than the current observa-
tion, which might imply that the persistent emission of
FRB 121102 would be brighter in the future.
Finally, we consider the evolution of the SSA fre-
quency νa of the nebula during burst injecting sepa-
rately. We consider the number of burst injections with
the time of the injection process according to the mean
waiting time, and assume that the waiting time between
every two bursts is the same as the one that is derived
by dividing the estimated age of the nebula by all the
number of bursts. Because the electron distribution of
the nebula will change gradually with the energy of each
burst injection, in the process of burst injections, the
SSA frequency of the nebula is not fixed at νa,0. The
final SSA frequency is larger than the initial one. As
shown in Figure 8, we can see that νa increases first and
then decreases with burst injections, and is currently
maintained near 1.1GHz. This is consistent with ob-
servations that the repeating bursts of FRB121102 are
mainly observed in the GHz band. The bursts at ν < νa
are absorbed and used to accelerate electrons in the neb-
ula.
In the above simulations, the minimum electron
Lorentz factor is taken as γmin = 10. For a wide range
of γmin, we find that only if γmin ≪ γpeak, where γpeak
is the electron peak Lorentz factor given by Eq.(23),
the synchrotron heating effect is not significantly de-
pend on γmin, because only electrons at γpeak are sig-
nificantly accelerated by FRBs. For γmin ≫ γpeak, the
synchrotron heating effect is unimportant. In this model
with the above parameters, the peak Lorentz factor is
γpeak ≃ 700. In Figure 9, we plot the electron spectra
(left panel) and nebula spectra (right panel) with dif-
ferent minimum Lorentz factors, γmin = 3, 10, 100, 1000.
We find that the nebula spectra show a difference less
than 3.1% in terms of γmin taken as 3 and 10. The dif-
ference between situations of γmin = 10 and γmin = 100
is less than 62.8%. When γmin = 1000, the spectrum of
the nebula is very different from that of γmin ≪ γpeak.
On the other hand, in the scenario we discuss here,
the value of γmin is determined by the initial elec-
tron injection and synchrotron cooling together, i.e.,
γmin = min(γmin,0, γc), where γmin,0 is the minimum
Lorentz factor of initial injection electrons and γc is the
Lorentz factor due to synchrotron cooling. At the ob-
servation time t ≃ 6.7 × 104 yr, the synchrotron cool-
ing leads to γmin 6 γc ≃ 6pimec/(σTB2t) ≃ 370 for
B ∼ 1mG. Therefore, a relatively low value of γmin we
adopt above is reasonable. At last, based on the best
fit of the MCMC, the electron number in the nebula
is about 3.2 × 1055(γmin/10)−1.32, so the corresponding
mass of the nebula is about 0.03M⊙(γmin/10)
−1.32 for
baryon-dominated ejecta or 10−5M⊙(γmin/10)
−1.32 for
pair-dominated ejecta.
4. CONCLUSIONS AND DISCUSSION
In this paper, we have discussed the physical process
of synchrotron heating by multiple bursts of a repeating
FRB in a nebula, and used this model to explain the per-
sistent radio emission of FRB 121102 (Chatterjee et al.
2017). Due to the synchrotron heating effect, the elec-
tron distribution in the nebula will change gradually, As
a result, the spectrum of the nebula will show a signif-
icant evolution at the SSA frequency. Different from a
non-repeating FRB injecting into a nebula (Yang et al.
2016), the multiple bursts from a repeating FRB source
could provide a tremendous amount of energy to the
nebula, and finally transfer to the observed persistent
emission of the repeating FRB. For FRB 121102, the
lowest frequency of the detected bursts is about 600
MHz (Josephy et al. 2019). Our results show that the
bursts with frequency lower than the SSA frequency
νa ∼ 0.6 GHz of the nebula would be absorbed. Since
the spectrum of a single burst is narrow, most low-
frequency bursts with frequency lower than νa is com-
pletely absorbed, and only the bursts with frequency
closed to νa are partly absorbed, leading to harder spec-
tra. Meanwhile, the frequency distribution of bursts
would also become harder after absorption.
In the above analysis, we assumed that the flux, the
frequency and the duration of a burst are indepen-
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Figure 9. Left panel: the electron spectra. Right panel: the nebula emission spectra with the observation data (Chatterjee et al.
2017). The minimum electron Lorentz factor is taken as γmin = 3, 10, 100, 1000. The red dotted lines denote γmin = 3, the green
dash-dotted lines denote γmin = 10, the blue dashed lines denote γmin = 100, and the violet dashed lines denote γmin = 1000.
Besides γmin, the other model parameters are the best fitting parameters obtained by the MCMC method. In the right panel,
the red dotted line and green dash-dotted line are overlapping.
dent of each other, and they satisfy power-law distribu-
tions (Zhang et al. 2019). Consider some low-frequency
bursts would be absorbed, the intrinsic burst frequen-
cies are assumed to be ranging from 0.1GHz to 8GHz.
After a burst injecting into the nebula, the electron dis-
tribution in the nebula would change due to synchrotron
heating effect and synchrotron cooling together. Since
the cooling time scale of the synchrotron radiation in
the nebula is about thousands of years, there is no evo-
lution on the spectrum of the nebula during the waiting
time of two bursts. Thus it is reasonable that we could
ignore the evolution on the spectrum during each time
interval of burst injections.
Through numerical calculation, we found that at a
certain frequency, multiple low-energy injections could
be approximately equivalent to one high-energy injec-
tion, if the total injecting energies are identical. On
the other hand, for the bursts with different frequen-
cies, the order of the burst injections has little effects on
the final spectra of the nebula. At last, the method
directly using Eq.(22) to calculate the energy inject-
ing into the nebula in the unit frequency interval, can
achieve the similar spectra of the nebula as the method
that bursts inject separately. With the MCMC method
to restrict our model parameters, the analysis results
show that the total energy of injecting bursts should
meet lg(Etotal/ erg) = 49.52
+0.34
−0.26, the age of the nebula
is more than 6.7 × 104 yr, and the electron number in
the nebula is about 3.2× 1055(γmin/10)−1.32.
In the above discussion, we assume that the electron
injection in the nebula is zero for a closed system. If the
nebula is shocked by the ambient medium, the electron
injection from a shock wave would be considered. How-
ever, since the particle injection term (the third term) is
much less than the heating term (the second term) in the
kinetic equation given by Eq.(8) for the parameters we
discussed here, the particle injection could be neglected.
Therefore, the election injection plays an insignificant
role in this model.
In our model, as the burst injection time increases,
the peak frequency and peak flux of the nebula can
increase continuously. Meanwhile, according to this
model, for non-repeating FRBs, since the total injec-
tion energy is much smaller than that of the repeat-
ing one, their persistent emission would be not observ-
able, which is consistent with the current observation
(Mahony et al. 2018). For the persistent emission of
FRB 121102, the best fit gives a total number of the
bursts injecting into the nebula of Ntotal ≃ 2.26 × 1012
(much larger than the burst number above 1GHz, e.g.,
Ntotal(> 1GHz) ≃ 2.11× 1010), which means that there
should be one burst per second in average. We pre-
dicted that as more bursts inject, the persistent emis-
sion of FRB 121102 would be brighter than the current
observation in the future. On the other hand, the wait-
ing time could be below 1 s according to a study of 41
low S/N FRB 121102 bursts (Gourdji et al. 2019). It is
suggested that some bursts may be missed due to the
limited observing bandwidth or the detection threshold
for the faint bursts. We herein present another poten-
tial that the fluxes of some low-frequency bursts would
be absorbed more or less if their frequencies are below
the SSA frequency of the nebula. In the simulation,
the SSA frequency of the nebula is currently maintained
near 1.1GHz, which could explain why most bursts of
FRB 121102 were observed at ν & 1GHz.
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